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Answer the following questions (marks V¥ )

Question 1.

1) Show that for two sets A and B
AUBNC)=(AUB)N(AUC)

2) Prove that the set F ={1+ x,1— X, x?,3x°}is a base for P,(R) .

3) Let R be the relation on N X N defined by (a,b)R(c,d) ©®a+d=b+c
a) Show that R is an equivalence relation
b) Find [(1,1)]and [(2,5)].
Question 2.

1) Provethatif T:V — W and S:W — Z are linear transformations, then the
composition S o T is also a linear transformation.
2) Let f:R? — R? be the function defined by f(x,y) = (2x — 3y, x — 2y)
a) Show that f is a bijective function and find the inverse f 1
b) Prove that fis a linear transformation and find Ker(f), Nullity(f).

Question 3.

1 4
. (1-3n -=9n
A" =
( n 1+ BnJ
2. If a connected planar graph G has V vertices and E edges and dividing the plane into F
faces, then prove that: F=E -V + 2.

1. Given A= ( J , Prove that, for every positive integer n,

3. Define a Boolean algebra (B, @,*, ,0,1)and for all b,b, € B, prove that:
There is only one element b, € B such that b, ®b, =1and b, *b, =0.

>
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4. Find the inverse (if it exists) of the following matrix:

1 1 1
A=|2 -1 3
4 1 5

Question 2.

1. Find the value A which make the following system has an infinite number of solutions
and write the solution set of the system:
oOX+2y—z=1

2X+3y+4z =7
4Xx -5y+Az=1-5

2. Define Trees, the complete graph K, , the complete bipartite graph K, ;and Eulerian

path, and for which values of n, r, s, the graphs K, , K, are Eulerian?

3. Find the matrix A*, where A be the adjacency matrix, for the following graph:
and write all edge sequences of length 2 joining v,,V, .

“ Vv, e, g>el
Vl
&
y & .
V4

................................................................................................................................................

Good Luck !
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First Question:

1) Show that fortwo sets A and B
AUBNC)=(AUB)N(AUC)

We know that for two statementsp, q and S, we have

pV(@AS)=(@V@A(pVs) (a)

AUBNC)E {x|xeAvxe(Bn()}
“i{xlxeAv(xeBAxeC()}
={xlxeAv((xeBAxeC()}
2{x|xeAVx€eEB)A(x€EA VxEC()}
= {x[xe (A UB)Ax € (A UC()}

“ (AUB)N(AUC)

This completes the proof.

2) Prove that the set F ={1+ x,1— X, x*,3x°}is a base for P,(R) .
Sol

all+x)+b(1—x)+cx*+d(3x®)=0
(a+b)+(a—b)x+cx® +3dx® = A+ Bx+Cx* + DxX?

(A;—B) 1+ x)+—(A; B) (1-x)+cx? +%(3x3) = A+Bx+Cx*+DxX’

{1+ x,1— x, x*,3x°}is span and linear independent so it is a base for P (R)

3) Let R be the relation on N X N defined by (a,b)R(c,d) ©®a+d=b+c

¢) Show that R is an equivalence relation
& Find[(11)] and [(2,5)]

(a) It is clear that R satisfies the following conditions
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(1) R is reflexive :

a+b=b+a VabeN = (a,b)R(a,b) V(ab)ENXN
= R is reflexive

(1I) R is symmetric :

(a,b)R(c,d)=>a+d=b+c
>b+c=a+d
=>c+d=d+a

= (¢,d)R(a, b)

From (1) and (I1), we conclude that R is an equivalence relation on N X N

[(L,D] = {(x,y) € N X N[(L,1)R(x,y)}
={(x,y) ENXN|1+y=1+x}
={(x,y) E N X N|y = x}
= {(x,x)|x € N}

[(2,5)] = {(x,y) € N X N[(2,5)R(x,¥)}
={(x,y) ENXN|2+y=5+x}
={(x,y) ENXN|y=3+x}
={(x,3+x)|x € N}

1) Prove that if T:V — W and S:W — Z are linear transformations, then the composition

S o T is also a linear transformation.

Let T:V — W and S:W — Z be two linear transformations, then
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SeDu+v,2) =S+ v,2))

=S(T(u,z) + T(v + 2))
=S(T(u,z)) + S(T(v,2))
=S eNWz)+(ST)(v,2)) ()

(SoT)(xu,v)=S(T(xu,v))
= S(x T(u,v))
=x S(T(u,v))
=X (SoT)(u,v) (1)

Hence, from (1) and (II), we conclude that S o T is also a linear transformation.

2) Letf:R? — R? bethe function defined by f (x,y) = (2x — 3y, x — 2y)
¢c) Show that f is a bijective function and find the inverse f ~*
d) ®rove that fis a linear transformation and find Ker (f), Nullity(f).

(a) One can show that the function f satisfies the following conditions:

(1) [ is injective:

f,y)=f&y) = 2x—3y,x—2y) = (2% —3y,% - 2y)
= 2x—3y=2x—-3y AN x—2y=x—2y
> x=xX AN y=y
= (x,y) = (%y)

Hence, f is injective.

(11) [ is surjective:

Let (, V) € R? such that f (x,y) = (u, V), then

= (u,v) = 2x —3y,x — 2y)

Su=2x—3y ANv=x—2y
>x=2u—-3v AN y=u-—2v

= (x,y) = Qu—3v,u—2v) (%)

From (1) and (I1), we conclude that f is bijective .

From (*) we obtain

f~Y(u,v) = Qu—3v,u—2v)
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Ker(f) = {(x,y) € R* f(x,y) = (0,0)}
= {(x,y) € R?: (2x — 3y,x — 2y) = (0,0)}
={(x,y) ER*:2x -3y =0 Ax—2y =0}
={(x,y) ER*x=y =0}
= {(0,0)}

FHence, Nullity(f) = 0

Third Question :

. Gi A=
1. Given (1 4

j , Prove that, for every positive integer n,

1-3n -9n
A" =
[ n 1+3nj

We bedin nelie Al 1-31 -91) (-2 -9 A
epeginn=Lie A=l 1 1431)7\ 1 4 )7
For n=k let
Multiple by matrix A A = 1-3k -9
ultiple by matrix = K 1.3k

pea (178 =9k (=2 —9)_(-2-8k -9-9k)_ (1-3(k+1) —9(k+1
LUk 143k l1 4) | k+1  3k+4 ) | k+1  1+3kk+1)
We proved at n=k+1, completes the proof.

2. If a connected planar graph G has V vertices and E edges and dividing the plane into F
faces, then prove that: F=E-V + 2.
Sol:

The proof is by induction on the number of edges of G.
If E=0 thenV =1 (G is connected, so there cannot be two or more vertices) and there is a

single face (consisting of the whole plane except the single vertex), so F= 1.
therefore holds in this case.
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Suppose, now, that the theorem holds for all graphs with fewer than n edges. Let
G be a connected planar graph with n edges; that is |[E| = n. If G is a tree, then
V| =n+ 1and |F| =1, so the theorem holds in this case too.
If G is not a tree choose any cycle in G and remove one of its edges. The resulting
graph G is connected, planar and has n —1 edges, |V| vertices and |F|—1 faces.
By the inductive hypothesis, Euler’s formula holds for G:
IFl-1=(El-1)—|V|+2
so |F|=|E| — V| + 2
as required.

3. Define a Boolean algebra (B,®,*, ,0,1) and forall b;,b, € B, prove that:
There is only one element b, € B such that b, ®b, =1and b, *b, =0.

Sol

Boolean algebra consists of a set B together with three operations
defined on that set. These are:
(a) a binary operation denoted by € referred to as the sum ;
(b) a binary operation denoted by * referred to as the product ;
(c) an operation which acts on a single element of B, denoted by -,
where, for any element b € B, the element b € B is called the

complement of b (An operation which acts on a single member
of a set S and which results in a member of S is called a unary operation.)

The following axioms apply to the set B together with the
operations @, * and - .
B1. Distinct identity elements belonging to B exist for each of the
binary operations @ and * and we denote these by 0 and 1
respectively. Thus we have
b@0=0{b=Db
bx1=1xb=Db forallbeB.
forall a, b, c € B.
(@axb)xc=ax(bxc)
@@b)Pc=addbedc)
B2. The operations € and * are associative, that is
B3. The operations @ and * are commutative, that is
adb=bPa
a*b=Dbxa forall a, b €B.
B4. The operation & is distributive over * and the operation * is
distributive over @, that is
a@(bxc)=(@Pb)*@dc)
ax(b@c)=(axb)@ (axc)foralla,b,ceB.
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B5. ForallbeB,b@ b =1andb* b =0.

There is only one element b, € B such that b, @b, =1and b, *b, =0.
b®db =b ®b=1 b®b,=b,®b=1

b*b,=b,*b=0, b*b, =b,*b=0
Thus we have

b="b*1 (axiom B1)
=b* (b D b,)
= (b, *b) @ (b, *b,) (axiom B4)
=0 (b, *b,)
=06 (b,* b) (axiom B3)
= (b, * b) @ (b, * b,)
=b, x(bD b)) (axiom B4)
= E x 1
=h, (axiom B1).

We have shown that b, = b, and so we can conclude that the complement is unique.

1 1 1
A=(2 -1 3
4 1 5
1 1 1|1 0 O . 1 1 11 o0 o0
A=(2 -1 3/0 1 0)—f<sw /0 -3 1/-2 1 O
4 1 50 0 1 0 -3 1/-4 0 1
10 211 1 4
B 1 1 1|1 o o\ 3/3 3
r43)01—_lg—_10L3+3rz>01—_13—_10
3/3 3 3/3 3
0 -3 1|-4 0 1 00 0|]-2 -1 1

No further sequence of elementary row operations will complete the conversion
of the matrix A to 13. The matrix A is not row-equivalent to 13. Therefore,
A does not have an inverse and is a singular matrix.
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Fourth Question:

1. Find the value A which make the following system has an infinite number of solutions
and write the solution set of the system:
S5x+2y—z=1
2X+3y+4z =7
4X -5y +Az=A1-5

1 2 -1 1
5 5 -1 1 o anar 3 2 3
(A/b)=|2 3 4 7 AL N —— —— =
4 -5 A A-5 2 > >
o =33 4451 a1-22
. 2 1 1
5 5 5
—' 50 1 2 3
O 0O 70+54 54+70

the value A which make the system has an infinite number of solutions is 1 =-14

take 1 =-14 we have that:

p 211
5 5 5
01 2 3
00 0 O
y+2z=3
X+Ey—lz=1:5x+2y—z=1
5 5 5

Take z=s ,so we have y=3-2s,

Xx=35-5
Set solution is {3s-5,3-2s,s}
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2. Define Trees, the complete graph K, , the complete bipartite graph K, ;and Eulerian

path, and for which values of n, r, s, the graphs K, , K, are Eulerian?

A trees is a connected graph which contains no cycles.

the complete graph K,, is a simple graph in which every pair of distinct vertices is joined by an
edge.

A complete bipartite graph is a bipartite graph such that every vertex of V; is joined to every
vertex of V, by a unique edge.

An Eulerian path ina graph G is a closed path which includes every edge
of G . A graph is said to be Eulerian if it has at least one Eulerian path.

The complete graph K, is (n—1)-regular—every vertex has degree n—1.
Since it is connected, K, is Eulerian if and only if n is odd (so that n — 1is even).

A complete bipartite graph K, ¢ is Eulerian if and only if r,s is even.

3. Find the matrix A®, where A be the adjacency matrix, for the following graph:
and write all edge sequences of length 2 joining v,,V, .

€

L
VZ
&
V3 67 L
& Vi
2 1 1 0 6 3 2 1
1100 , |3 210
A= 'A:
1 0 0 1 21 2 0
0 010 1 0 0 1



