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Final Exam Date: 1/1/2017
Class: 1% Year Students ) ( <) Time: 3 hours

Subject: Mathematics | Examiner: Dr. EI-Sayed Badr

Answer the following questions: ( 2UL>—1 7265)
Q1:
1- Solve each inequality and sketch the graph of its solution.
a) |x-3]<05
Solution:
|x-3|<0.5
-0.5<x-3<0.5
2.5<x<3.5
b) |2x —-7|>3
Solution:
2X-71<-3 or 2X-7>3
2X <4 or 2x > 10
X<2 or X>5

The solution are given by (- o, 2) U(5,%).
2- Find (f og)(x)where f (x)=x?-3x and g(Xx)=+X +2.

Solution:

(F og)(X)=Ff (F (x))=F (VX +2)=(Xx +2)2=3IXx +2=x +2-3X +2

2
3- Provethat Ilim -9 =
x-% 2X —3
Solution:
We can use the definition of limit to prove the above.

2 — —
First we can simplify the limit lim -9 =6 as lim (2x ~3)(2x +3) =6 then lim2x +3=6
x—>% 2X —3 x—>%) 2X —3 x—>3)

if 0<|x —3/2]<5 then|3x +2—6|<e

|3x +2—6]<e then|3x —4|<e then|x —4/3|<e/3 thentake s=¢/3.



Q2:
1- Write and explain the Sandwich Theorem using an example ?
Solution:

Suppose f (x)<h(x)<g(x) forevery x in an open interval containing a except at a.
If limf (x)=L _Ilmg(x)then limh(x)=L.

X—a

o, 1
For example : limx “sin—.
x—0 X

JIx 242 JOX 2 +2

2- Find lim and lim
xoo  4X +3 xo>-o 4% +3
Solution:
Imx,’9x2+2 4/x (9+2/x7?) x/ 2 JO+2/x?)
xom  4X +3 Hw 4x +3 Hw 4x +3

If x is positive, then v/x 2 = x , and dividing numerator and denominator of the last fraction by x gives us

2 2
Imx/9x +2 :“m«/(9+2/x )

xon 4X +3  x-ox  443/X

\/9+O_§
4+0 4

If x is large negative, then v/x 2 = -x, and dividing numerator and denominator of the last fraction by x
ge neg

gives us
\/9x +2 _ lim ,fx (9+2/x%) \/ «/(9+2/x
x—>°o 4 +3  xo 4x +3 X—HO 4x +3
lim VOX°+2 lim (—x )@ +2/x?)
x>0 4X +3 x> 4+3/x
—9+0 -3
4+0 4

3- Study the continuity of the function f (x) =+/9—x 2 on the closed interval [-3, 3].
Solution:

For any point ¢ such that -3 < ¢ < 3, then limy9—x2 =y9—c? =f (c).

Hence f is continuous at ¢ . All that remains is to check the endpoints of the interval {-3,3] using one-side limits as
follows:

lim f (x)= lim y9—x2 =49-9=0=f (-3).
x —-3" x —-3"

limf (x)=1limy9-x?=49-9=0=f (3).

X —3" X —3"

Thus, f is continuous from the right at -3 and from the left at 3. From all above, Thus the function f is
continuous on [-3,3].



4- 1f y =(x>+1) (2x 2 +8x —5), find Dy(y).
Solution:

D,y =(x*+1) D, (2x*+8x —5)+(2x * +8x —5)D, (x *+1)
= (x> +1)(4x +8) + (2x > +8x —5)(3x ?)

= (4x " +8x°+4x +8)+(6x * +24x 3 -15x %)

= (10x * +32x® —15x > + 4x +8)

Q3:
2
1- Find 2 jf y =X X+2
dx 4x “+5

Solution:
dy (4x°+5)D,(3x*-x +2)—(3x*—x +2)D, (4x * +5)
dx (4x? +5)?
_ (4x? +5)(6x —1)—(3x * —x +2)(8x)
- (4x % +5)°
_ (24x° —4x? +30x —5) — (24x > —8x 2 +16X )
- (4x % +5)°

_4x%+14x -5

(4x? +5)?

2- Prove that Liig%:l

3- Find y’ if 4xy®—x%y +x®-5x +6=0
Solution:

D, (4xy*)-D (x’y)+D, (x*)-D, (5x)+D, (6) =0

D, (4xy®)=12xy °y ' +4y?

D, (x*y)=x?y +y(2x)

D, (x®)=3x"

D, (5x)=5

D, (6)=0

So we get :

(12xy ?y ' +4y°)—(x*y "+y (2x)) +3x*-5=0
(12xy 2 —x?)y'=5-3x 2 +2xy —4y°?
5-3x 2+ 2xy —dy provided 12xy*-x?=0
h (12xy 2 —x?)

4- Evaluate :

a) I 1t dx
cos(x ) cot(x)
Solution:



j;dx :Jsecx tanx dx =secx +c
cos(x ) cot(x)

x?-1
b) | ———dx
) J.(x3—3x +1)°
Solution:
Let
u=x°-3x+1 then du=3(x*-1)dx
S0

2 2
'[—3)( -1 — dX :lj—i(x -3 = dx :EJ. 16dx
(x°=3x +1) 37 (x°=3x +1) 37 )

10 5 1u®, -1,1
3-[ 3(—5) 15 (u5)

:—_1%_'_0
(@5x°=3x +1)

i
¢) | (L+sin2x)%dx

Solution:
7 ; 3 1% 4 1r, 4 2
!(1+sm2x) dx ZE&[U du ZE[(U /4)]1

:%(16—1):15/8

d) i(x ®+1)%dx

Solution:

2 2 x7 x4 2
I(x3+1)2dx :I(x6+2x3+1)dx :{(—+2—+x)}
-1 -1 7 4 1

_ 405
14

4:
N 1- Solve the differential equation f "=5cosx +2sinx subject to the initial conditions
f (O)=3andf'(0)=4.
Solution:
f "=5cosx +2sinx

ff €x =I(Scosx +2sinx )dx

f'(x)=5sinx —2cosx +C

Letting x = 0 and using the initial condition f'(0) =4 given us
f '(0) =5sin0—2cos0+c

4=0-2*1+c

c=6



Hence
f'(x)=5sinx —2cosx +6

So

f’'(x)=5sinx —2cosx +6

jf "(x )dx =_[(53inx —2C0sX +6)dx

f (x)=-5cosx —2sinx +6x +D

Letting x = 0 and using the initial condition f (0) =3 given us
f (0) = -5c0s0—-2sin0+D

3=-5-0+0+D

D=8

So f (x)=-5cosx —2sinx +6x +8

2- Evaluate :
e

a) | —
J. l_e4X

Solution:
Letu=e%, du=2e*dx

2X

dx

1j#du :%sinlu +C

[ax =2 L ax
J1-e® 27 1-u? 27 \1-u?

1sin‘lu +C =lsin‘1(ezx)+c
2 2

eX
b) le_eZX dx

Solution:
Letu=¢e*, du= e*dx

1 1 1 u
dx = dx ==tanh(=)+C
I16—u2 I42—u2 4 (4)

Lianh®y+c = Ltann®)+c
4 4 4 "4

3- If f (x)=cosh(x?+1) find f '(x).
Solution:

f'(x)=cosh(x*+1)D (x> +1)

= 2x sinh(x * +1)

4- If y =sinh™(tanx) find dy /dx

Solution:
2
sec” X
D, (tanx) =
secx

dy /dx = =|secx |

1
Jtan?x +1



Good Luck



